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Abstract. Let H he a, locally compact group, K be an LCA group, t : H -^ Aut{K) be a continuous homomorphism 
and Gt = H Kt K he the semi-direct product of H and K with respect to the continuous homomorphism t. In 
this article we introduce the r X r-time frequency group G^x?- We define the r X r-continuous Gabor transform of 
/ G L^(Gt) with respect to a window function u S L^(K) as a function defined on Gt-x?- It is also shown that 
the r X T-continuous Gabor transform satisfies the Plancherel Theorem and reconstruction formula. This approach is 
tailored for choosing elements of L^{Gt) as a window function. Finally, we illustrate application of these methods in 
the case of some well-known semi-direct product groups. 



1. Introduction 

In [B] Gabor used translations and modulations of the Gaussian signal to represent one dimensional signals. The 
Gabor transform, named after Gabor, is a special case of the short-time Fourier transform (STFT). It is used to 
determine the sinusoidal frequency and phase content of local sections of a signal as it changes over time. The function 
to be transformed is first multiplied by a Gaussian function, which can be regarded as a window, and the resulting 
function is then transformed with a Fourier transform to derive the time-frequency analysis. The window function 
term means that the signal near the time being analyzed will have higher weight. The Gabor transform of a signal 
x{t) is precisely defined by; 

r'-t-oo 



(1.1) 



G{x}(y,c.) 



x{t)e 



-7r{t — y) —2TTiujt 



dt. 



Due to (|l.ip the Gabor transform of a signal x{t) is a function defined on R x R called the time-frequency plane. 
There is also standard extension of the continuous Gabor transform of a signal a;(t) on K" which is defined for 

(y,w) e M" X IT' by (see [3 [7]) 



(1.2) 



G{a;}(y,w)= / x(t)e-"ll*-yll'e-2-™-*dt. 



Since the theory of Gabor analysis based on the structure of translations and modulations (time- frequency plane), 
it is also possible to extend concepts of the Gabor theory to other locally compact abelian (LCA) groups. For more 
explanation, we refer the reader to the monograph of Grochenig [8] or complete work of Feichtinger and Strohmer 
[2]. The continuous Gabor transform for LCA groups is closely related to the Feichtinger- Grochenig theory which is 
called the voice transform. In view of voice transform, continuous Gabor transform for an LCA group G is precisely 
the voice transform generated by Schrodinger representation of the Weyl-Heisenberg group associate with G (see [5]). 
Many locally compact groups which are used in mathematical physics and also various topics of engineering such 
as the Heisenberg group, affine group or Euclidean groups are non-abelian groups. Although most of them can be 
considered as a semi-direct product of an LCA group with another locally compact group. We recall that passing 
through the harmonic analysis of LCA groups (see [H [13]) to the classical harmonic analysis of non-abelian locally 
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compact groups (see [2 El US [T4j [15] ) , many useful results and basic concepts in abelian harmonic analysis collapse, 
which play important roles in the usual Gabor theory. If G is a non-abelain locally compact group via a natural 
approach, modulation by a character will be replaced by a modulation by an equivalence class of an irreducible 
representation of G and also the natural candidate for the generalization of the time frequency plane will be G x G, 
where G stands for the set of all equivalence class of irreducible continuous unitary representations of G. It is clear 
that this extension will not be appropriate from the the numerical computational and also application viewpoints. 
Thus, we need a new approach to find an appropriate generalization of the continuous Gabor transform which be 
useful and also efficient in application. 

This article contains 5 sections. Section 2 is devoted to fix notations including a brief summary about harmonic 
analysis of semi-direct product of locally compact groups also standard Fourier analysis and Gabor analysis on LCA 
groups. In section 3 we assume that iJ is a locally compact group and K is an LCA group, t : H ^ Aut{K) is 
a continuous homomorphism and Gr = H x^. K. We define the r x r-time frequency group Gtxt and the t x t- 
continuous Gabor transform of / e L^{Gr) with respect to a window function u € L'^(K). We also prove a Plancherel 
and inversion formula for the r x r-continuous Gabor transform. To choose elements of L'^{Gr) as window functions 
we define the the r ® r-time frequency group Gr®? and also the r ® r-continuous Gabor transform in section 4. As an 
application, we study this theory on the affine group, Weyl-Heisenberg group and the Euclidean groups in section 5. 

2. Preliminaries and notations 

Let H and K be locally compact groups with identity elements eu and ex respectively and left Haar measures dh 
and dk respectively, also let r : 7? — > Aut{K) be a homomorphism such that the map (/i, k) i— )■ Th{k) is continuous from 
H X K onto K. There is a natural topology, sometimes called Braconnier topology, turning Aut{K) into a Hausdorff 
topological group(not necessarily locally compact), which is defined by the sub-base of identity neighbourhoods 

(2.1) B{F, U) = {ae Aut{K) : a{k), a'^{k) eUkykeF}, 

where F Q K is compact and t/ C _R" is an identity neighbourhood. Continuity of a homomorphism t : H —^ Aut{K) 
is equivalent with the continuity of the map [h, k) k- > Th{k) from H x K onto K (see [TT|). 

The semi-direct product Gr = H Xr K is the locally compact topological group with the underlying set H x K 
which is equipped by the product topology and also the group operation is defined by 

(2.2) {h,k)Xr{h',k')^{hh',kTh{k')) and (/i, fc)"! = (/i-\ r^-i(fc-i)). 

If Hi — {{h,eK) ■ h £ H} and Ki = {{eH,k) : k E K} then Ki is a closed normal subgroup and Hi is a closed 
subgroup of Gr- The left Haar measure of Gr is dfjic^ [h, k) — 6{h)dhdk and the modular function A^^ is A^^ {h, k) = 
(5(/i)A//(/i)A/f (A:), where the positive continuous homomorphism J : iJ — > (0, oo) is given by (15.29 of [TUj) 

(2.3) dk = 5{h)d{Th{k)). 

From now on, for all p > 1 we denote by L'P{Gr) the Banach space LP{Gr, IJ-Gr) and also L'p{K) stands for LP{K, dk). 
When / G LP{Gr), for a.e. h E H the function fh defined on K via fh{k) := f{h, k) belongs to LP{K) (see 5 ). 

If K is an LCA group all irreducible representations of K are one-dimensional. Thus, if tt is an irreducible unitary 
representation of K we have H,r = C and also according to the Shur's Lemma there exists a continuous homomorphism 
to oi K into the circle group T such that for each k € K and z S C we have 7r(fc)(z) = a;(/e)z. Such homomorphisms 
are called characters of K and the set of all characters of K denoted by K. If K equipped by the topology of 
compact convergence on K which coincides with the i(7*-topology that K inherits as a subset of L°°{K), then K 
with respect to the dot product of characters is an LCA group which is called the dual group of K. The linear map 
Jif : L^{K) -> C{K) defined by w h^- Fk{v) via 



(2.4) Tk{v){uj)^v{uj)= v{k)uj{k)dk, 

Jk 
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is called the Fourier transform on K. It is a norm-decreasing *-homomorphism from L^{K) into Co{K) with a uniformly 
dense range in Cq{K) (Proposition 4.13 of 4^). If G L^{K), the function defined a.e. on K by 



(2.5) (t){x) = / (t){uj)u}{x)duj, 

Jk 

belongs to L°°{K) and also for all / G L^{K) we have the following orthogonality relation (Parseval formula); 



(2.6) / f{k)(j>{k)dk^ / f{uj)(j>{uj)duj. 

Jk Jk 

The Fourier transform (j2.4[) on L^{K) n L'^{K) is an isometric transform and it extends uniquely to a unitary iso- 
morphism from L^{K) onto L'^{K) (Theorem 4.25 of Jt^) also each v £ L^{K) with v G L^{K) satisfies the following 
Fourier inversion formula (Theorem 4.32 of [4]); 



(2.7) v{k) = / v{Lj)uj{k)duj for a.e. k £ K. 

Jk 

The fundamental operator in standard Gabor theory is the time-frequency shift operator. If K is an LCA group, the 
translation (time-shifts) operator is given by Tsv{k) = v{k — s) for all k, s E K and also the modulation (frequency- 
shifts) operator is given by M^v{k) = ui{k)v{k) for all w G X, fc e K. The time-frequency shift operator is defined on 
the time-frequency plane (time-frequency group) K x K hy Q{k,uj) = M^^Tk for all (fc,u;) € K x K. 

Given an appropriate window function u G L^{K) on K, the short time Fourier transform (STFT) or the continuous 
Gabor transform of v G L^ (K) is given by 



(2.8) Vuv{s,Lo) — / v{k)u{k ~ s)uj{k)dk — {v,g{s,uj)u)L2(^xy 

Jk 



The continuous Gabor transform (j2.8p satisfies the following Plancherel formula 

(2.9) / jVuvis,u;)fdsdu;^\\u\\l,^K^\\v\\l,^j,y 

J KxK 

for all u,v & L^{K) (see [8]). If u,u' G L?{K) with {u,u')l2(^x) t^ 0, then each v G L'^{K) satisfies the following 
inversion formula in the weak sense (see [7]) 

(2.10) V — {u,u')j^2(j^) / Vuv{k,uj)g{k,uj)u'dkduj. 

J KxK 

If a window function u G L'^{K) has Fourier transform u in L^{K), then each v G L^{K) with v G L^{K) satisfies the 
following inversion formula; 



(2.11) '^{s) — 11^111^2 (X) / Vuv{k,uj)[g{k,uj)u]{s)dkduj, 

JkxK 

for all s £ K. 

3. r X T-continuous Gabor transform 

Throughout this paper, let iJ be a locally compact group and K be an LCA group also let t : iJ — > Aut{K) be a 
continuous homomorphism and Gr = H x^ K. For simplicity in notations we use k'^ instead of Th{k) for all h G H 
and k G K. In this section we introduce the r x r-time frequency group and also we define the r x r-continuous Gabor 
transform of / G L'^{Gt) with respect to a window function in L^{K). 

Define t : H ^ Aut{K) via h i^Th, given by 



(3.1) Thiuj) := ujh = i^ o Th~ 
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for all (jj e A', where uJh{k) = oj{Th-i (fc)) for all k £ K. If w G A' and h & H we have ujh £ K, because for all k,s £ K 
we have 

U!h{ks) = UJ O Tfi-l (fcs) 

= u{Th-i{ks)) 

^Uj{Th-l(k)Th-l{s)) = Uj{Th-l{k))uj{Th-l{s)) =Uh{k)uh{s). 

According to p.ip for all ft. e ff we have t^ G Aut{K). Because, if fc e A' and h E H then for all uj,ri E K we have 

Th{L0.r]){k) = {uj.T])h{k) 

= i^-V) °Th-^{k) 

^uj.r]{Th-i{k)) 

^ uj{Th-i{k))T]{Th-i{k)) ^ LL>h{k)r]h{k) ^Th{u>){k)Th{r]){k). 

Also h i-> Th is a homomorphism from H into Awi(Ar), cause ii h,t (E H then for all w G AT and fc G AT we get 



= w(T(th)-l(fc)) 

= w(T/j-irt-i(fc)) 

= Wh(Tt-i(fc)) =T>i(a;)(rt-i(fc)) = Tt[T/i(w)](fc). 



Thus, we can prove the following theorem. 

Theorem 3.1. Let H be a locally compact group and K he an LCA group also t : H ~> Aut{K) be a continuous 
homomorphism and let S : H —>■ (0, oo) be the positive continuous homomorphism satisfying dk — 5{h)dk^ . The 
semi-direct product Gr — H k^ K is a locally compact group with the left Haar measure dfiGfih,uj) — 5{h)~^dhdu}. 

Proof. Continuity of the homomorphism t : H ^ Aut(K) given in p.ip guaranteed by Theorem 26.9 of [1^. Hence, 
the semi-direct product G? = _ff Kt^ A' is a locally compact group. We also claim that the Plancherel measure dui on 
K for all h E H satisfies 

(3.2) du}h = S{h)du}. 

Let h e H and v G L^{K). Using p.3p we have w o r/j G L^{K) with \\v o Th\\L^[K) = 5{h)\\v\\Lii^K)- Thus, for all 
u E K we achieve 



V o Thiuj) — / V o Th{k)uj(k)dk 

J K 



v{k'')uj{k)dk 



K 



v{k)ujh{k)dk^' ' ^S{h) / vik)ujh{k)dk = 6{h)d{LUh). 

K J K 
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Now let V G L^{K) D L'^{K). Due to the Plancherel theorem (Theorem 4.25 of [4j) and also preceding calculation, 
for all /i £ iJ we get 

v{uj)\'^dujh — I |w(w^-i)pda; 

K J K 

= S[h) / Jw^cTtv-i (aj)| du! 

J K 

= 5{hf I \voTh-iik)fdk 
Jk 

= 5{hf f \v{k)\^dk'' = S{h) f \v{k)\^dk ^ f\v{uj)\^S{h)duj, 
Jk Jk Jk 

which implies p.2p . Therefore, diia^{h,uj) ~ 6{h)^^dhduj is a left Haar measure for G? = H k^ K. D 

Remark 3.2. Due to p.ip for a\\ k ^ K , uj ^ K and h,t ^ H we have 

(3.3) A"* = (fc*)^ u;i,t = {cut),,. 

Now we are in the position to introduce the r x r-time frequency group. Define r^ = t xt : H ^ Aut(K x K) via 
h 1-^ T^ given by 

(3.4) r^{k,io) := (T,(fc), f;,(c.)) = (fc^c.;,), 

for ah (fc, w) e K X K. Then, for all /i e iJ we have t^ G Aut{K x K). Because for all {k,uj), {k',uj') e K x K we 
have 

T;:{{k,cu){k',u'))^T,^{kk',u;u') 

= {{kk')\iu;uj')h) 

= {k'^k"\LUf,u'^) 

= (fc^..,o(fc'^..;J = r,r(fc,^)r,r(fc',..')• 

Also T^ ~ T X T : H ^ Aut{K x K) defined by ft. H> t^ is a homomorphism, because for all h,t G H and all 

(fc, oj) G i^ X iiT we have 

T,:;(fc,L.) = (fc''*,w„o 
= ((fc*)',M^O 

= r,x(fc*,c.O = r,-r,x(fc,^). 

In the following proposition we show that Grxf = H x^xy [K x K) is a locally compact group. 

Proposition 3.3. Let H he a locally compact group and K he an LCA group also t : H ^ Aut{K) he a continuous 
homomorphism and let 5 : H -^ (0,cxd) he the positive continuous homomorphism satisfying dk = S{h)dk'^. The 
semi- direct product Gryr = H x^-xy (K x K) is a locally compact group with the left Haar measure 

(3.5) dpiQ^^^{h,k,uj) = dhdkduj. 

Proof. Continuity of the homomorphism t xt : H —> Aut{K x K) given in (13.41) guaranteed by Theorem 26.9 of 110) . 
Thus, the semi-direct product Gtxt = H X-j-x? {K x K) is a locally compact group. Due to (|2.3p . (|3.2p and also p.4p . 
for all /i G iJ we have 

dT^x(fc,w) = d(fc^L.^) 

— dk dcuji 

= 6{h)^ dk5{h)dijj = dkdui = d{k,uj), 
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which impUes that Grxr is a locally compact group with the left Haar measure d^G^y,r{h^ k, lo) ~ dhdkduj. D 

We call the semi-direct product Gt-x? as the r x r-time frequency group associated to G^. According to (|3.4I) for 
each (ft,, fc,cj), (ft.', k',uj') G Grx? we have 

(ft,fc,cj) K^xr (/i',fc',a;') = (ftft',(fc,w)T^^(fc',cj')) 

= (ftft', (fc,w)(T,,(fc'),'^D) = ihh',k + k"\iJOj'^). 

Let u G L'^(K) be a window function and / G L'^{Gr)- The r x r-continuous Gabor transform of / with respect to 
the window function u is define by 

(3.6) Vuf{h,k,uj) := 5{hy/^Vuh{k,u) = S{h)^/^h,g{k,oj)u)L2(Ky 

In the following theorem we prove a Plancherel formula for the r x r-continuous Gabor transform defined in p.6p . 

Theorem 3.4. Let H be a locally compact group and K be an LCA group also t : H ^f Aut{K) he a continuous 
homomorphism and let u G L^{K) be a window function. The r x T-continuous Gabor transform Vu ■ L'^{Gr) — > 
L'^{Gtxt) is a multiple of an isometric transform, which maps L'^(Gr) onto a closed subspace of L^(G^-XT)■ 
Proof. Let u G L'^{K) be a window function and also / G L^{Gr)- Using Fubini's Theorem and also Plancherel 
formula (j2.9p we have 

2 _ / I1J -f^^, ;„ , ,m2. 



|V«/lli.(G.,,) = i |V./(ft,fc,a.)|^dA.G...(/i,fc,c.) 

\Vuf{h,k,u!)\ dhdkdui 



H JK JK 

\{fh^Q{k,uj)u)L2(^K)?dkdu:\ 6{h)dh 

H \JKxK J 

2 / II .f l|2 xfU\JU _ IL,I|2 II J-II2 



u\\Uk) / IIAIIi^(K)'5(/^)d/^=h||i.(K)ll/lli^(G.)• 



H 



Therefore, lluH^^/^^iVu : L?{Gt) -^ L^{Gt x G?) is an isometric transform with a closed range in L^{Gr x Gf). D 

Corollary 3.5. The r x r-continuous Gabor transform defined in i3.6\) . for all f,g d L'^{Gt) and window functions 
w, w G L'^{K) satisfies the following orthogonality relation; 

(3-7) {Vuf,Vvg)L2(G^^f) = {v,u)L2(K){f,g)L^G,r)- 

The T X r-continuous Gabor transform (13.61) satisfies the following inversion formula. 

Proposition 3.6. Let H be a locally compact group and K be an LCA group also let t : H ^ Aut{K) be a continuous 
homomorphism and u G L'^{K) with u G L^(K). Every f G L'^{Gr) with fh G L^{K) for a.e. h E H, satisfies the 
following reconstruction formula; 

(3.8) /(ft,fc)=<5(ft)-i/2||M||-2 / Vuf{h,s,u:Ms,Lj)u]{k)dsdu:. 

Proof. Using (|2.1ip for a.e. ft, G -ff we have 

fh{k) = \\u\\l2(K) / Vufh{s,uj)[g{s,uj)u]{k)dsdu} 

JKxK 

= (5(ft)"^/^||M||;j^2^,^-i / Vuf{h,s,Lo)[Q{s,uj)u](k)dsdw. 

JKxK 

n 
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We can also define the generalized form of the r x r-continuous Gabor transform. Let u G L^{K) be a window 
function and / G L^{Gt)- The generalized r x r-continuous Gabor transform of / with respect to the window function 
u is define by 

(3.9) Vlf{h,k,uj) -.^ S{hy/^Vuh{k\uJh) ^ S{hy/^{fh,g{k'\iUh)u)mK)- 

The generalized r x r-continuous Gabor transform given in p.9p satisfies the following Plancherel Theorem. 

Theorem 3.7. Let H be a locally compact group and K be an LCA group also t : H -^ Aut{K) be a continuous 
homomorphism and let u € L^{K) be a window function. The generalized r x r-continuous Gabor transform V^ : 
L'^{Gr) -^ L^(Gi-xt) is a multiple of an isometric transform which maps L'^{Gt) onto a closed subspace of L^{GrxT)- 

Proof. Let u G L'^{K) be a window function and also / G L'^{Gt). Using Fubini's Theorem, Plancherel formula p.9|) 
and also (|2.3|) . (|3.2|) we have 

l|Vi/lli^(G...) = / \Vifih,k,cv)\^df,G.^Ah.k,cu) 
/ / \Vlf{h,k,uj)\^dhdkduj 



H \JKxK 

^ HK) I 

H 



\{fh,e{k ,ujh)u)L'^(^K)\ dkduj\5{h)dh 

H \JKxK J 

\{fh, g{k,uj)u)L2(x)\'^dk'^ duj^-^ ) S{h)dh 

H \JKxK J 

\{fh,g{k,uj)u)L^(K)\'^dkduj\ 6{h)dh 

Thus, I|uI|^^(;4-)V^ : L'^{Gr) -^ Li^ifirxr) is an isometric transform with a closed range in L'^ifirxr)- D 

Corollary 3.8. The generalized r x r-continuous Gabor transform defined in h3.9\) . for all f,g G L'^{Gt) and window 
functions u,v € L'^{K) satisfies the following orthogonality relation; 

(3-10) {Vlf,Vl9)L^G^y,^) = {v,u)L^K){f,9)L^G^)- 

In the next proposition we prove an inversion formula for the generalized r x r-continuous gabor transform given 



Proposition 3.9. Let H be a locally compact group and K be an LGA group also let r : H -^ Aut{K) be a continuous 
homomorphism and u G L'^{K) with u G L^{K). Every f G L'^{Gr) with fh G L^{K) for a.e. h E H, satisfies the 
following reconstruction formula; 

(3.11) f{h,k)^ f Vif{h,s,ujMs\ujh)u]ik)dsduj 

JKxK 
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Proof. Using p. lip for a.e. h ^ H we have 

fhik) ^ / Vufh{s,u})[g{s,uj)u]{k)dsduj 
Jkxk 

Vufh{s,uJh)[g{s,LJh)u]{k)duJh ) ds 

K \J K J 

= 5{h) i / Vufh{s,UJh)[g{s,uJh)u]{k)ds\ dcj 

= 6{h) f ( f Vuh{s\oJhMs\oJh)u]{k)ds''] duj ^ f Vlf{h,s,ujMs\uh}u]ik)dsduj. 

Jk \Jk J J KxK 

n 

Remark 3.10. Similar Gabor transforras with respect to a window function u G L'^{K) as we defined in (13. 6p and p. 91) 
can be also defined. Let transforms Au and i?„ for / G L'^{Gr) be given by 

(3.12) A„/(/i,fc,w) = KA(fc\w) B„/(/i,fc,w) = (5(/i)K/h(fc,c<j/.). 

It can be checked that transforms given in p.l2p satisfy the Plancherel theorem and the foUowing inversion formulas; 

(3.13) f{h,k) = 6{h)-^ f ^Aufih,k,uj)[g{s''\uj)]{k)dsdu}, 

JkxK 

(3.14) f{Kk)= I Buf{Kk,u:)[g{s,uJh)]{k)dsduj. 

J KxK 

A. T ® T-continuous Gabor transform 

In this section we introduce another Gabor transform which we cah it the r ® r-continuous Gabor transform. In 
the T ® T-Gabor theory we can choose elements of L'^{Gr) as window functions. 

Again let H he a, locally compact group and K be an LCA group also let t : iJ — > Aut{K) be a continuous 
homomorphism. Define t®=t^t: HxH^ Aut{K x K) via (ft,, t) i— ;> t^ ^^ given by 

(4.1) fM)(^'^) ■- i^^ik),n{^)) = (fc^a.,), 

for all (fc, u) e KxK. Then, for ah {h,t) e HxH we get r^^ ^^ G Aut{K x K). Because for ah (fc, w), (fc', w') e KxK 
we have 



'''(/ij 



^^,)((fc,a.)(fc',a.'))=r«,)(fc + fc',..c.') 
= ((fc + fc')\ (a.^')*) 

= {k^u:,){k'\c.',) = r(%(fc,..)r(%(fc',^')- 

As well asr® =r®T: H x H ^ Aut{K x K) defined by (/i,i) *-> '''fht) ^^ ^ homomorphism, because for all 
(h,t), {h',t') e H X H and also all {k,u}) e K x K we have 

-(fc''''',c.„0 

= ((fc"')^(c.,,)t) 
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Hence, we can prove the following interesting theorem. 

Theorem 4.1. Let H be a locally compact group and K he an LCA group also let t : H ^f Aut{K) be a continuous 
homomorphism. The semi-direct product G^-^^ = {H x H) i<T(g)T [KxK] is a locally compact group with the left 
Haar measure 

(4.2) dnG,f^^ih,t,k,uj) = 5{h)5{t)-^dhdtdkduj, 
and also $ : Gr x Gy — )■ G^-®? given by 

(4.3) {h,k,t,io) ^ <^{h,k,t,uj) := {h,t,k,uj) 

is a topological group isomorphism. 

Proof. Using Theorem 26.9 of 10 , homomorphism t^t : HxH ^^ Aut{K x K) given in (j4.ip is continuous. Therefore, 
Gr0T = (H X H) x^^y (K X K) is a locally compact group. Also, diiG^^fihjt, k,u}) — 6{h)6{t)^^ dhdtdkdu) is a left 
Haar measure for G,-g,?. Indeed, due to (|2.3I) and (|3.2I) for all {h,t) ^ H x H we have 

dT(%(A:,c.) = d(A:^a;0 
— dk dujt 
= d{h)-^dkSit)duj ^ S{h)-^S{t)d{k,uj). 

The T ® T-group law for all {h,t, k,uj), {h' ,t' ,k' ,uj') G Gr^? is 

{h,t,k,Uj) Xr^f{h',t',k',Uj') ^ (^(hh\tt'),{k,Lj)Tf^^^^^{k',Uj')) 

= {{hh',tt'),{k,Uj){k'^,Uj't)) ^ {hh',tt',k + k"\ujuj't). 

It is clear that $ ; Gt x Gf — > Gt^^ is a homeomorphism. It is also a group homomorphism, because for all 
(h, k, t, uj), {h', k', t', uj') in Gr x Gr we get 

^[{h,k,t,uj){h',k',t',uj')] = mh,k) Xr {h' ,k'),{t,uj) K?(i',w')] 

= mhh',k + k"'),(tt',ujLu't)] 
= {hh\tt\k + k"\LUio't) = {h,t,k,uj) x r^r {h' ,t' ,k' ,lu'). 

n 

We call the semi-direct product Gr^? as the T(g)T-time frequency group associated to Gr which is precisely Gr x G? . 
Thus, form now on we use the locally compact group Gr x Gf instead of the semi-direct product G,-®? • 

Let g e L'^{Gr) be a window function and / G L'^(Gr). The t i^t- continuous Gabor transform of / with respect to 
the window function g is defined by 

(4.4) ggfih,k,t,Lj) ■.^S{t)VgJt{k,uj)^S{t){ft,g{k,Lj)gH)mK). 

The T (g) r-continuous Gabor transform given in (14. 4p satisfies the following Plancherel Theorem. 

Theorem 4.2. Let H be a locally compact group, K be an LCA group and t : H ^ Aut{K) be a continuous 
homomorphism also Gr — H Xr K and let g 6 L^{Gr) he a window function. The continuous Gabor transform 
Qg : L'^{Gr) — i> L^{Gr x Gr) is a multiple of an isometric transform which maps L'^(Gr) onto a closed subspace of 

L^iGr X Gr). 
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Proof. Let g G L'^{Gt) be a window function and also let / G L^{Gt)- 

ll^s/lli^CG^xG^) = / \ggf{h,k,t,uj)\'^dfiGrxGAf^^k,t,u) 

/ \ggfih,k,t,uj)\'^d^iGAh,k)dfiGf{t,u}) 

G^ JGf 

Iff \ggfih,k,t,uj)fS{h)dhdkS{t)-^dtdoj 

H JK JH J K 

f ( f \{ft,g{k,uj)gh)mK)fdkduAS{h)dhS{t)dt 

H JH \JkxK J 



\\ft\\UK)\\9h\\UK)mdhS{t)dt - WfWi.^GjdWUG.) 
H <J H 

Thus, ||3||^2C(5 \Qg '■ L?{Gt) -^ L^{Gr X Gf) is an isometric transform with a closed range in L^{Gr x G^). D 

Corollary 4.3. The r x T-continuous Gabor transform defined in C]^, for all f, f G L'^{Gt) and window functions 
g,g' G L'^{Gt) satisfies the following orthogonality relation; 

(4-5) {Ggf,Qg'f')mG^xGf) = {9',9)LHG-r){fJ')L^G^)- 

In the following proposition we also prove an inversion formula. 

Proposition 4.4. Let H be a locally compact group and K be an LCA group also letr'.H^^ Aut{K) be a continuous 
homomorphism. Every f,g G L'^{Gr) with fh,g)i G L^{K) for a.e. ft. G H , satisfy the following reconstruction formula; 

(4.6) f{t,k) ^ {gh,gh)l2(K)S{ty^ / ggf{h,s,t,uj)[g{s,uj)gh]{k)dsduj, 

Jk-kk 

for a.e. h,t € H and k G K. In particular, for a.e. h E H we have 

(4.7) f{h,k)^{gh,gh)~l,j^5{hy^ / ggf{h,s,h,uj)[Q{s,uj)gh]{k)dsduj. 

Jkxk 

Proof. Using (|2.1ip for a.e. h,t E H we have 

Mk)^ {gh,gh)l2(K) / ygHftis,i^)[g{s,uj)gh]{k)dsduj 

JKxK 

= {9hi9h)^l(^-^5{ty^ I _ ggf{h,s,t,uj)[Q{s,uj)gh\{k)dsduj. 



KxK 

Kxk 

D 



Let g G L'^{Gr) be a window function and / G L'^{Gr). The generalized r T-continuous Gabor transform of / 
with respect to the window function g is defined by 

(4.8) glf{h,k,t,u:) := 5{h)-^'H{tf'^VgJt{k\u:t) ^ 6{h)-^'H{tf'^fuQ{k\u:t)gu)L^^^Ky 

In the next theorem, a Plancherel formula for the generalized r ® r-continuous Gabor transform defined in (|4.8p 
proved. 

Theorem 4.5. Let H be a locally compact group, K be an LCA group and t : H ^ Aut{K) be a continuous 
homomorphism also Gr = H [Kt K and also let g G L^(Gr) be a window function. The generalized continuous Gabor 
transform t/t ; L'^iGr) — > L^{Gr x Gy) is a multiple of an isometric transform which maps L'^{Gr) onto a closed 
subspace of L^{Gr x G^). 



H JH \JKxK / 
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Proof. Let g G L^{Gt) be a window function and also let / G L'^{Gt)- Using Fubini's theorem and also Theorem we 
achieve 



JG^y.Gf 

\Qlf{h, k, t, uj)\^d^G-r {h, k)dfiGf {t, t^) 

Gt ^ G^ 

f [ \glfih,k,t,uj)\^6{h)dhdk6{ty^dtdu; 

H JK JH Jk 

\{ft,Q{k^,uJt)9h)mK)?dkdoj] dh5{tfdt 
lift, g{k,uj)gh)L^(K)fdk''' dujt-i ) dh6{t)'^dt 

H JH \JKxK J 

\{ft, g{k,uj)gh)L2(K^fdkduj I S{h)dhS{t)dt 

H JH \JKxK J 

ll/tlli^(K)llff^lli^(K)'5WdM(i)dt - ii/iii2(Goll5lli2(G.) 

H J H 

Thus, ||5||^2f(5 \Q\ '■ L'^{Gr) — !• L^{Gr x G?) is an isometric transform with a closed range in L'^{Gr x Gy). D 



Corollary 4.6. The r x r-continuous Gabor transform defined in ( [/^.<g[ ), for all f, f £ L'^(Gt) and window functions 
g,g' e L'^{Gr) satisfies the following orthogonality relation; 

(4-9) {Glf,glj')L2{G^xGf) = {9',9)LHG^){f,f')L^G^)- 

Also, the generalized r (g) r-continuous Gabor transform satisfies the following inversion formula. 

Proposition 4.7. Let H be a locally compact group and K be an LCA group also let t : H -^ Aut{K) be a continuous 

homomorphism. Every f,g ^ L'^{Gr) with fh,gh G L^{K) for a.e. h,t £ H, satisfy the following reconstruction 
formula; 



(4.10) f{t,k) = {gh,gh)ll,^Mhr'/'S{t)-'/' / glf{h,s,t,uMk^LOt)g^{k)dsdu:, 

JKxK 

for a.e. h,t ^ H and k € K. In particular for a.e. h ^ H we have 

(4.11) f{h,k) = {gh,gh)L^K)^{h)-' f _ glf{h,s,h,u;Ms'-,LUH)ghmdsdLU. 



KxK 



12 ARASH GHAANI FARASHAHI 

Proof. Using (|2.1ip for a.e. h,t £ H we have 

ftik) = {gh,9h)l2(K) / Vg^ft{s,uj)[g{s,i^)gh\{k)dsduj 
Jkxk 

= {9h,gh)l2(ii) / Vgjt{s,uj)[gis,uj)gh\{k)dujds 

JKJK 

= {9h,9h)l^ii) i L VgHMs,uJt)[g{s,ujt)gh]{k)dujt] ds 

= {gh,9h)ll^j,)Sit)l^ (^I^VgJtis'\u;tM-^\u;t)gHmds'^^ dcj 

= {gh,gh)J^K)^{h)-'S{t) f (f K,,/,(s^wOb(s^c.t)5,](fc)ds)du; 



IK \JK 

^-i/2Am-i/2 



= {9h,gh)llKAh)-'"5{t)-'^' / ggf{h,s,t,u)[B{s\uJt)gh]{k)dsdw. 

Jkxk 

n 

5. Examples and applications 

5.1. The Affine group ax + b. Let H — M*^ ~ (Oj+oo) and K — R. The affine group ax + 6 is the semi direct 
product H Kr K with respect to the homomorphism t : H -^ Aut{K) given by a H> Tq, where Ta{x) — ax for all 
X G M. Hence, the underlying manifold of the afBne group is (0, cx)) x R and also the group law is 

(5.1) (a, x) Kr (a', a:') — [aa' , x + ax'). 

The continuous homomorphism (S : iJ — >■ (0, oo) is given by 5{a) = a~^ and so that the left Haar measure is in fact 
dfiG^r ('^1 ^) = a^^dadx. Due to Theorem 4.5 of (4l we can identify M with R via ijj{x) = {x, to) = e^'^*'^^ for each w G M 
and so we can consider the continuous homomorphism t : H ^ Aut(K) given by a i~> Tq via 

{x,U>a) = {x,Ta{u>)) 

= (r,-i(x),c.) = (a-ix,c.)=e2--'^"'^ 
Thus, Gf has the underlying manifold (0, oo) x M, with the group law given by 

(5.2) (a,w) K? {a',Lu') — {aa' , ujlu'^) , 

Due to Theorem 13.11 the left Haar measure dfiG^{a^uj) is precisely daduj. The r x r-time frequency group G^xt has 
the underlying manifold (0, oo) x M x R and the group law is 

(5.3) {a,x,uj) Xt-xt (a', x' ,uj') — {aa' ,x + ax' ,u!uj'^), 

with the left Haar measure d/XG"^^^(a, a;,^) = a^^dadxduj. If u G L^(R) is a window function and also / G L'^{Gt). 
According to p.6p we have 

Vuf{a,x,io) ^ 6{ay^^Vufa{x,u) 

= a^^^'^{fa,g{x,Uj)u)L2(jg.^ 

1^^/^ / f{a,y)[g{x,uj)u\{y)dy 



a-'/^ / /(«, y)u{y - x)u{y)dy = a'^/^ / /(a, y)u{y - x)e'^-''-ydy 
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Using Theorem I3.4[ if ||u||l2(r) — 1 we get 



(5.4) r r r \M^^^rE^dad.d. ^ r r \i^dad.. 

Jo J-oo J-oo '^ Jo J-oo ^ 

Due to the reconstruction formula p.8p if for a.e. a e (0, cxd) we have fa £ L^(M), then for a.c. a; G M we get 

/•OO /'C30 

^-l/2|L,||-2, 



f{a,x) = S{a) ' \\u\\^2(^K) I I Vuf{a,y,uj)[g{y,uj)u]{x)dyduj 

-2 



OO <J —CXD 
OO pOO 



a'^^M\J(K) / / Vuf{a,y,uj)u{x-y)e^^''^'-'dyduj. 



— OO J — OO 



As well as according to (j3.9p we have 

Vif{a,x,io) = S{ay^'Vufaix'\iOa) 

= a^^^^ {fa, gix"" ,U!a)u) L2{R) 

= a^^^^ / f{a,y)[g{x^,uja)u]{y)dy 



= a 



— «-l/2 / f(„ ,,\Ti(n, ^ n-rX., ( lArlii = n'^/'^ / f(n ,,\TT( 11 - nT^p-'^'^'-'^'' ''V 



f{a, y)u{y - ax)u:a{y)dy = a-"' / /(a, y)u{y - ax)e-'^''^^ vdy 



Using Theorem 13.71 if ||u||i,2(R) = 1 we get 

(5.5) r r r mzk:^:^,^,.,. . r r l^(^,,,,. 

Jo J-cxj J-oo O- Jo J -OO O, 

Due to the reconstruction formula p.lip if for a.c. a G (0, oo) we have fa G i^(M), then for a; G R we achieve 

/■OO />oo 

f{a,x)= / Vlf{a,y,uj)[g{y'',uja)u\{x)dydu; 



— OO J — OO 
OO /"OO 



Vlfia, y, cjMx - ay)e^^'''''~'-dydu;. 



OO ./ — OO 



Example 5.1. Let A^ > and also ujv = X[-n,n] be a window function with compact support and ||ujvI|l2(r) = 2A^. 
Then, for all / G L^(G'r) and {a,x,u!) G Grxr we have 



Vuj^fia,x,uj) =a ' / f{a,y)uN{y-x)uj{y)dy 

J — OO 

/OO 
f (a,y + x)uN{y)^^{y)dy 
-OO 

= a-^l^u:{x) \ f{a, y + xMy)dy = a-^/^e-^— / /(a, y + x)e~^^'"ydy. 

J-N J-N 

If we set a; = 0, then we get 

V„„/(a,0,c^)=a-i/2 / /(a,y)e-2--J'rfy. 

J-N 

Similarly, for the generalized t x r-continuous Gabor transform we have 

/•OO 

Vlf{a,x,uj) = a-'/' / f{a,y)uM{y-ax)e-'"'^'''"ydy 



^-i/2g-2«^x j /(a^y + a2;)u^(y)e-2"'^°"'2/dy = a-i/2g-2^^a.:r / f(a,y + ax)e~'^"'^''''ydy. 

) J-N 
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and also if we set a: = 0, then we get 



I'M 



-N 



Example 5.2. Let u{x) = e '"^ be the one-dimensional Gaussian window function with u — u and ||w||^2(jj') — 2 ^/^. 
Then, for all / £ L^{Gr) and {a,x,uj) e Grxr we have 



Vufix, a, u) = a-i/2 / f(a, y)u{y - x)e-^^''^ydy 

J — OO 

/oo 
-OO 

If / for a.e. a E (0, oo) satisfies fa E L^(IR), then we can reconstruct / via 

/•oo /"OO 

f{a,x)^ I I Vuf{a,y,u;)u{x-y)e^^'"ydyduj 
Vuf{a,y,u;)e-^^--y^\^^'"-dydiu. 
As well as, we can compute the generalized r x r-continuous Gabor transform by 



— OO ^ — OO 
oo /'OO 



OO ^ — oo 



a 



-^/2 / /(a,y)e-^^^-^"^^%"^^^^'' '^^y. 



If / for a.e. a G (0, oo) satisfies fa E L-'^(]R), then we can reconstruct / via 

/•OO /"OO 

f{a,x)^ I I Vlf{a,y,uj)u{x-ay)e^^'"^"^dyduj 



-oo -' —CO 
oo /"OO 



oo J — oo 



The T (g) r-time frequency group Gri^? has the underlying manifold (0, oo) x (0, oo) x M x M and the group law is 

(5.6) (a, 6, x,uj) ^T^T (a', b' , x ,u]') = [aa , bb' , x + ax', wo;^), 

with the left Haar measure d/ZG^g?(a, b,x,uj) — a^^dadbdxduj. If 5 € L'^{Gt) is a window function and also / G L?'{Gt)- 
According to (|4.4p we have 

ggf{a,x,b,uj) = 5{b)VgJb{x,uj) 

= ^"^(/fc,6'(a;,a;)5a)L2(R) 

fib, yMx,u;)ga]{y)dy = b'^ / /(6, 2/)g(a, y - x)e-2-"«dy. 



Using Theorem 14. 2| if ||g||L2((3^) = 1 we get 



(5.7) r r r r Mi^^i^:^^^.^... = r r \ii^dadx. 

Jo Jo J -00 J -00 '^ Jo J -00 '^ 
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Using the reconstruction formula (|4.7p . if for a.e. a G (0, oo) we have /q, ga £ -Z^^(K), then for x 6 M we can write 

/OO /"OO 

/ ggf{a,y,b,uj)[g{y,uj)ga\{x)dyduj 
-GO 'J — OO 
/OO /"OO 

/ gjia, y, b, u;)9{a, x ~ y)e-^^^'^^dyduj, 
-OO J — OO 

and also in particular we get 



OO /'OO 



-OO -/ — OO 



/(a,a;) =a[|ga|li2^fR^ / / ggf{a,y,a,u)g{a,x-y)e'^''''^''dydu 



As weh as according to (I4.8P we have 

a^/(a,x,6,c.) = <5(a)-l/2<5(6)3/V^„/,(a;^c.b) 

/•OO 



^1/2^-3/2 / ^(^^ y)-(^^ y _ ax)Zj;^dy = ai/26-3/2 / /(fo, y)g(^a, y - ax)e-^^'^''~"ydy 



Using Theorem 14.51 if ||g||L2((3^) — 1 we get 

(5^8) /" /" /" r |g»^'°-f-"'i'.„«x.. . /" r !z<-i€d„d. 

Jo Jo J-ooJ-oo '^ Jq J -oo O, 

Due to the reconstruction formula (14.71) if for a.e. a G (0,cxd) we have fa G L^{M.), then for all a; G M and a.e. 
a, 6 G (0, oo) we get 



CO /'C30 



/(6,a:) = <5(a)-i/^5(6)-i/^||ff,||-.^.«. / / glfia,g,b,uMg^,ui,)ga]ix)dgdLO 



-OO ^ — OO 
OO /'OO 



and also in particular we have 



' — OO J — OO 



OO /"OO 



f{a,x) = a||5a||^2fo^ / / ^J/(a, 5, a, o;) [^(^^, a;a)^a] (2;)6?^c?w 



g 

— OO ^ — OO 



/•OO /'OO 

a||ffa|li2fjs,-) / / Glfia,g,a,uj)g{a,x - ag)e'^'''"' '^dgduj. 



iL2(E) / ; ^gJ 

-OO J —OO 



Example 5.3. Let A^ > and also gN{a,x) — X[i/n,n]x[-n,n]{o-tX) be a window function which has a compact 
support. Then, for all / G L^{Gr) and {a,x,b,uj) G Gr^f we have 

/•OO 

gg,f{a, X, b, u) = fe-1 / f{b, y)gN{a, y - x)e-^-'^ydy 



J-AT 



If we set X = and a = \ we achieve 

(5.9) gg,f{l,0,b,u) = b-' f{b,y)e-^-'^ydy. 

J-N 
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Also, for {a,x,b,(jj) we have 

/•oo 



If we set X ~ and a = I then 



a'/^b-^/\[i/N.N]{a)e-'^'^'''^^ / f{b,y + ax)e-'-^-'''ydy. 

J-N 



(5.10) ^t /(i^ 0,6, c.) = 6-3/2 / /(5,y)e-2™b-^rfy. 



9iV J 

'-Af 



Example 5.4. Let (7(a,x) = ae ^(" +^ ^ be the Gaussian type window function in L^{Gr) with ||.g||L2((3^') — 2 ^. 
For a.e. a e (0, oo) we have ija ~ ga and ||.ga||Li(R) ~ ae^'^'^ also ||.9a||L2(R) — '2r^^'^ae^'^'^ . It is also separable i.e 
g{a,x) — au{a)u{x). Then, for all / G L'^{Gr) and also (a,x, 6, cj) G G-r^r we have 

/oo 
/(6,y)5(a,y-a;)e-2-"i'dy 
-OO 

/OO 
/(6,y)e-^(^-^''e-2""ydy. 
-OO 

Using the reconstruction formula if fa G L^(M) for a.e. a G (0, oo) we have 

/•oo /'OO 

f{a,x) ^ a\\ga\\l2(ig,-i / Qg.f{a,y,a,uj)g{a,x-y)e^'''^'^'^dyduj 



— OO ^ — OO 

OO /-OO 



2V2a-^e"^ / / ggf{a,y,a,uj)u{x-y)e^^'^''dyduj 



CO •/ — OO 

OO /'OO 



ol/2— Irra / / n £ ( \ —■k{x—'u) I-kIujx i i 

— I ' a e / / ygj(a,y^a^uj)e ^ ^' e ayauj. 

J —CO J —CO 

As weh as, for all (a,x,6,ct;) G Gr^? we have 

/CO 
/(6,y)g(a,y-ax)e-2--^"'«dy 
-OO 

J — OO 

Due to the reconstruction formula if fa G L^(M) for a.e. a G (0, oo) we have 

/OO /'OO 

/ Glf{a,y,a,uj)g{a,x-ay)e~'^'''°' ^'^dydu 
-OO ^ — oo 

/oo /'OO 

/ gt j(a^ y^ a, u:)u{x - ay)e-^"'''''^dyduj 
-OO •/ — OO 
/'OO /'OO 



9 

oo ^ — oo 



In the sequel we compute t x r-tinie frequency group Grx? and t (Xir-time frequency group Gt-®? associate to other 
semi-direct products. 
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5.2. The Weyl-Heisenberg group. Let K be an LCA group with the Haar measure dk and K be the dual group of 
K with the Haar measure duj also T be the circle group and let the continuous homomorphism t : K ^>- Aut[K x T) via 
s H> Ts be given by Ts{i^^ z) = (w, z.uj{s)). The semi-direct product Gr = K Kt [K x T) is called the Weyl-Heisenberg 
group associated with K. The group operation for all [k, u, z), (fc', ut' , z') E K x.^ {K x T) is 

(5.11) [k, uj,z)<Kr {k\ Lo', z') = {k + k', ojlj' , zz'uj'{k)). 

If dz is the Haar measure of the circle group, then dkdojdz is a Haar measure for the Weyl-Heisenberg group and also 
the continuous homomorphism S : K ^ (0, oo) given in (|2.3|) is the constant function 1. Thus, using Theorem 4.5, 
Proposition 4.6 of [4] and also Proposition 13. II we can obtain the continuous homomorphism t : K ^ Aut{K x Z) via 
s I— >■ Tg, where r^ is given by Ts(k, n) = {k, n) o t^-i for all {k,n) E K x 'L and s G K. Due to Theorem 4.5 of [5, for 
each {k,n) E K X Z and also for all (w, z) E K x T we have 

{{uj,z),{k,n)s) = {(oj,z),Ts(k,7i)) 

= {Ts-^{<^,z),{k,n)) 



{{uj,zuj{s)),{k,n)) 



= {uj, k){zuj{s), n) 



^u{k)z'^uj[s) 

= io{k — ns)z^ — {uj, k — ns){z, n) = {{uj, z), (fc — ns, n)). 

Thus, {k,n)s = {k ~ ns,n) for all k,s G K and n G Z. Therefore, G? has the underlying set K x K x li with the 
following group operation; 

(s, k,n) K? (s', fc', n) = (s + s', (fc, n)Ts(fc', n')) 

= (s + s', (fc, n){k' — n's, n')) = (s + s', fc + fc' — n's, n + n'). 

The Gt- XT-time frequency group has the underlying setiiTxiirxTxii'xZ with the group law 

(5.12) (fc, UJ, z, s, n) Kt-xt {k ,io , z , s ,n) — (k + k , lolu , zz uj (fc), s + s — n k,n + n). 

and the left Haar measure is d^Q^^^{k, uj, z, s, n) = dkduidzdsdn. 

The G7-®r-time frequency group has the underlying set KxKxKxTxKxZ, with group operation 

(5.13) (r, fc, w, z, s,n) Kt-(8t {r' , k',uj' , z', s' ,n') — (r + r' ,k + k' ,ujuj\ zz'uj'{r), s + s' — nk, n + n'), 
and also the left Haar measure is d/iQ^ ^ {r,k,uj, z, s,n) = drdkdujdzdsdn. 

5.3. Euclidean groups. Let E{n) be the group of rigid motions of K", the group generated by rotations and trans- 
lations. If we put H = SO(ri) and also K — R", then E{n) is the semi direct product of H and K with respect to 
the continuous homomorphism r : SO(n) -^ Aut{M.'^) given by cr i— !> r^ via To-(x) = crx for all x G M". The group 
operation for E{n) is 

(5.14) (cr,x) Xr (ct',x') = (crcr',X + T„(x')) = (fjcr', X + crx'). 

Identifying iiT with M", the continuous homomorphism r : SO(n) — > ylui(M") is given by cr i~> tv via 

(x,iv(w)) = (x,vif^) 

= (r,-i(x),w) = (a-ix,w) =e-2"(^"'''-), 

where (., .) stands for the standard inner product of M". Since H is compact we have (5 = 1 and therefore dadx is a 
left Haar measure for E(n). Thus, Gf has the underlying manifold SO(n) x M" with the group operation 

(5.15) (cr, w) Xr (cr', w') = (crcr', w + w^). 
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According to Theorem 13. II the left Haar measure d/iG^(cr, w) is precisely dadw. The r x r-time frequency group Grxr 
has the underlying manifold SO(ri) x M" x M" with the group law 

(5.16) (a, X, w) K^XT (f ', x', w') — (crcr', x + ax' , w + w^). 

Due to Proposition 13.31 and also compactness of H, (i/iG^^^(CT, x, w) = dadxdw is a Haar measure for Grxr- The 
T® r-time frequency group Gr®T has the underlying manifold SO(n) x SO(n) x M" x M" equipped with the group law 

(cr, £<,x,w) K.r®r (o-',£'',x',w') = (cTCr', £»£»', X + CTx', w + w'^) , 
and also the Haar measure is d^c^^^ (ci Q, x, w) = dadgdxdw. 
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